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Abstract 
The Moving Least Squares(MLS) Difference Method has merits of Meshfree Method and Finite Difference 
Method(FDM); it provides node-based fast solution procedure. The method takes advantage of mesh independency 
from Meshfree Method and fast discretization of governing equations from FDM. The method is adequate for 2D 
transient solid problems which usually require heavy computation. Although the governing Partial Differential 
Equation(PDE) can be discretized in both explicit and implicit schemes, the explicit scheme can provide more 
efficient solution procedure compared to the implicit one. The accuracy and efficiency of the developed method are 
verified through numerical experiments. 
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1. Introduction 
Solving the transient solid problems that involves heavy computation are affected by the constraint of 
numerical quadrature in Finite Element Method(FEM) so that many attempts have been occurred for 
escaping from the constraint. As the one of alternatives, the Meshfree Method is developed in the 1990’s 
(Belytschko et al. 1994). It successfully circumvents mesh dependency because it only uses the nodes. 
However, Meshfree Method with Galerkin discretization involves burdensome numerical integration and 
has difficulty in treating essential boundary condition. For overcoming the demerits, Point Collocation 
discretization is applied to Meshfree Method (Kim and Kim 2003; Lee and Yoon 2004). The method 
computes the derivative approximation fast and discretizes the govening PDE directly. Therefore, the 
method was expanded to dynamic analysis, but Collocation dynamic algorithm had still numerical 
integration in boundary (Sadeghirad et al. 2009). 
This paper proposes a dynamic algorithm that might sustain the merits of MLS Difference Method. 
The developed method uses strong formulation resulting in fast discretization of governing PDE’s; no 
numerical integration is necessary. Boundary condition treatment is very easy. Also, the method is 
equipped with fast derivative computation scheme. Therefore, it is suitable for the dynamic analysis 
which usually requires heavy computation. 
2. Dynamic Algorithm for MLS Difference Method 
2.1. Approximation of MLS Difference Method 
The derivative approximation is calculated very simply in MLS Difference Method: Actually, the 
method expands the Taylor series by using MLS procedure. Equation (1) is m-th order approximation 
discarding high order term from Taylor expansion for a continuous function ( )u x :
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where r  is dilation parameter and ( )ya  consists of the derivatives of ( )u x at y  up to m-th order. In 
the MLS procedure, r  indicates the radius of weight function. The derivatives (1)( ), ( ),u y u y  are 
calculated by minimization of weighted residual functional involving nodal solutions. As a result, they 
can be expressed with the generalized meshfree shape functions as following 
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where 
[ ] ( )kI x)  indicates k-th order derivative of the shape function. 
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2.2. Discretization of Dynamic Equation of Motion 
The dynamic equilibrium equation of motion for solid problem is written by 
,ij j i ib aV U  (3) 
where ,ij jV  denotes the divergence of the stress tensor, ib  the body force, U  density, and ia
acceleration. The Navier's equation for dynamic problem is obtained by manipulating the constitutive and 
compatibility equation as follows 
, ,( )i jj j ji iu u aP P O U    (4) 
where P  and O  are lamé constants. Now, ia  of equation (4) needs to be expressed in the terms of the 
displacement for dynamic analysis. In order to maximize computational efficiency, the explicit time 
integration is adapted. Based on the Central Difference Method (CDM), the Navier’s equation at n+1
time step can be written by 
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where t'  is time step. For constructing the system of equation, equation (5) can be rewritten in discrete 
form as following 
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where 
n
Ixu  denotes ( )Iu x at n step and [1,1] ( )I J) x explicitly indicates the approximation of 
2 ( )I J x yw ) w wx . Note that a repeated index implies a summation. The total system of equations is 
finally constructed by adding the difference equations for essential and natural boundary conditions. 
3. Numerical Example 
3.1. Cantilever Beam 
The first example solved is the cantilever beam problem as shown in Figure 1 (Timoshenko and 
Goodier 1970). The beam is subjected to a parabolic traction at the free end. Plane stress is assumed, and 
the mass density of the beam is 1.0. In Figure 2, the computed displacement solutions at mid-point of free 
end are plotted. In the computation, 221 nodes model is used. Numerical solution by the MLS Difference 
Method is compared with the static solution, i.e., 0178.02  u staticyu . It can be seen that the numerical 
solutions well agree with the analytical solution without numerical instability. 
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Figure 1: A cantilever beam.            Figure 2: Displacement, mid-point of free end. 
3.2. Rectangular Strip with Pure Tensile Heaviside Load 
The second example is the rectangular strip subject to pure tensile heaviside load. Figure 3 shows the 
configuration and boundary conditions of the problem (Dominguez 1993). The rectangular strip has 2m 
width and 4m height. Plane strain is assumed. A regular nodal distribution of 231 nodes is used. The 
displacements at the mid-point of the free edge are plotted in Figure 4, and the tractions at the base mid-
point are plotted in Figure 5. The displacement and traction movements are successfully captured and the 
computed results agree well with the closed form solution. 
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Figure 3: A rectangular strip. 
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Figure 4: Displacement, free edge mid-point Figure 5: Traction, base mid-point 
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4. Conclusions 
This paper has presented an explicit dynamic algorithm for the MLS Difference Method. The dynamic 
equation of motion was directly discretized by using CDM. Thus 2D transient solid problems involving 
heavy computation were analyzed efficiently. Also, the accuracy and efficiency of the MLS Difference 
Method was verified through numerical experiments. Consequently, very accurate and efficient results 
could be obtained. In the future, the developed method is expected to be applied to dynamic crack 
propagation problems and nonlinear transient solid problems. 
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